Chapter D

Capacitance

A capacitoris just any configurationinvolving two conductors. Begin with the two conductorsneutralandthenconnectsome
DC voltagesource(a battery,for instancewith avoltageV = DV acrosshem. Chargewill flow until anelectrostaticstateis reachec
The conductor connectedto the positive terminal will gain some charge+Q and the other will gain charge- Q. Thereis a
proportionalitybetweenchargeandvoltage. To seethis write the potentialin termsof somechargedistribution V =k, U&gqger; if we
doubleall the chargedg  2&gq thenthe voltagewill double. Define the capacitanceas the constantof proportionality betweena
chargeandvoltage

Q= CV (Cisthecapacitance.)
The capacitancéetweenany pair of conductorsdependson the geometryof the conductorsmeaningthatit dependson their

size,shaperelativeorientationandrelativedistance.We canmeasureghe capacitancéor any configurationbut we canonly calculateit
in simplecasef symmetry.

Calculations of Capacitance

The symmetriccasesve will considemwill involve thetreesymmetriesve usedin Gauss'daw: spherical cylindrical andplanal
symmetry. Thegenerabrocedurave will useis:

Gaussslaw - DV=- ﬁﬁ7
0 E 1%
We will assumeherethatthereis a vacuumbetweenthe conductors. Laterwe will seethataddinga mediumbetweenthe conductor:
will enhancehe capacitance We will denotethe emptycapacitancéy C.

The Parallel Plate Capacitor

Thereis a pair of parallelplateswith cross-sectionadreaA separatedy d. We assumehatd is smallcomparedo the smalles
lineardimensionin A. Forinstancejf the cross-sectioiis circularthe separations smallcomparedo the radiusandif rectangulait is
smallcomparedo the smallerof thelengthandwidth. Theelectricfield is perpendiculato the plateandthe equipotentialsareparallel
to theplates.

Using Gauss'saw we relatedthefield atthe surfaceof a conductorto the surfacechargedensity

E:lands:g. E:il

'o A oA
Thevoltageis the potentialdifference. Considera pathD% betweerthe platesin the directionoppositeto thefield.
v=Dv=-E@P=Ed= 2

Using the definition of capacitanc® = Cp V we canfind C.
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The Spherical Capacitor

A sphericalcapacitorconsistsof aninside conductingsphereof radiusa sitting inside an outsideconductingsphere with an
inside radiusb, concentricwith the first surface. (Note that the outsideradiusof the conductordoesn'tmatter.) Connectthe inside
conductorto the positive terminal of the DC voltagesourceandthe negativeterminalto the outsideconductor. The inside conducto
gainscharget Q andthe outsidegains- Q.

First we use Gauss'slaw to give the field from the charge. For any caseof spherical symmetry Gauss'slaw gives
E=k, QinsideLZ- Fora <r< b weget Qjnsige= Q- Thevoltageof the source,V, will bethe potentialdifferencewhenmovingfrom
r

b toa. Choosethe contourof integrationof the potentialto bealongaradiusfrom b to a.

v 750 g, Qs 1.1
V—DV—-UE-ar—-Lbker—zar—keQJ;- ZI\

The definition of capacitanc® = Cq V givesCy.

The Cylindrical Capacitor

A cylindrical capacitorconsistsof a long cable of length/ with an inside cylindrical conductorof radiusa and an outside
cylinder with aninsideradiusof 5. Onceagainwe will connectthe inside conductorto the positive terminal and the outsideto the
negative. Theinsidegetscharge+ Q andtheoutsidegains- Q.

1 Qinside !
— .

As with the sphericalcase,for a<r<b we gel
271"0 r

Gauss'slaw for cylindrical symmetry gives E=

Oinside= Q- andwe will integrateradially inwardfrom b to a.

.= <0 a 1 0O

V=DV=-UE-ar=- (f ar= 2
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Solvingfor the capacitancgives
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Capacitance of a Single Sphere

We havedefinedcapacitances a propertyof two conductorbut we candefineit for a single conductoraswell. To do this
imagine the secondconductingsurfaceto be a sphereat infinity. As an example,considera single conductingsphereof radius R.

Insertinga = R andb = | into the sphericakapacitoformulagivesthe capacitancef asinglesphere.
R
Ch= —
0 ke

Energy

Energy in Capacitor

Vary thechargeontheplatesfrom 0to Q, Or g & Q. Thevoltageasafunctionof chargels VL= g*C. Whenachargei q is
movedacrossavoltageV thechangen energyisa U = VLA g. Integratinggives
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N N X N 0.
U= VHlLag = —8ag= —.
@~ VHLag = cd4= 5
SinceQ = CV we canrewritethe expressioras
1,20 _1
U=ZCVé==2=zQV.
2 2C 2

Energy in an Electric Field

The energyin a capacitoris storedin the electricfield betweerthe plates. In generalwhereverthereis anelectricfield thereis

energystoredin thatfield. The energydensityu is the energyper volume. We will derivean expressiorfor the energydensityin a
IgA
field by using whatwe know aboutcapacitors.In aparallelplatecapacitorCq = OT andV = E d giving theenergyis

IgA
U=1cov2=122"1ga2
2 2 d
Thevolumebetweertheplatesis A d giving u = % andthus
-1 2
= =IgE*“.
u > 0

Self-Energy of a Point Charge

We cancalculatethe energyin thefield of a pointcharge. It is a surprisingandsomewhatlisturbingfact thatthis self-energyof
a point chargeis infinite. To calculatethis we will considera conductingsphereof radiusd. This will be finite andthe point charge

will bethed  Olimit. Themagnitudeof thefield for aconductingspherewith chargeQ is

E:keg for r>d
2
E=0 for r<d

The total energyin the field canbe found by integratingthe energydensityoverall of space. Sincethe field variesonly with » we car
integrateoverconcentricspheres.Thevolumeelements &Volume= 4p r2&r.

!
UsHL= Uu &Volume= ?O UE2 aVolume

| 2 2
_ 0 ~00 Q 2 = _kEQ ~,00 dr
= —U K, =O4prcdr= — =
2 L& €r2 p 2 L& r2

An alternativeandsimplerderivationof thisis to considerthe spherea capacitomwith chargeQ.

5 02 ke 02
Co= — andU = e UsHlL=
07 ke 2¢, L= =3

It is clearfrom the aboveexpressionhatthe energyin thefield of a pointchargeis infinite
lim UstDL=| .
0-0 oHOL=

How canthis make sense? Recall that with potentialenergyin generalthe zero of energyis arbitrary. Energydifferencesare the
important quantities. Let us considerthe energydifferencebetweentwo point chargesQq and Q, a distancer apartand the self-

energiesof the two chargesseparately. To keep things finite, considertwo small conductingspheresof radiusd separateddy r.
Defining UsHD1, 07 ; rL asthe energyof two conductingspheresof radiusd with chargesQ; and O, separatedy r as a distanct
betweertheir centers It is beyondthe scopeof this classto calculatethis energy,UsHq , Q5 ; rl, but propercalculationshowsthatit is
alsoinfinite in thed™ 0 limit. It canalso be shownthat the self energiesof the two chargesis subtractedrom the energyof the
chargesatadistance- we get: aresultwhichis finite in thed ™ 0 limit
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This is justthe potentialenergyof atwo chargeconfiguration.

Electric Dipoles

An electric dipole is somechargeconfigurationwith a net separatiorof chargebut zeronet charge. We saw the field for a
dipolein ChapterA. Herewe wantto quantifythe strengthof a dipole by defininganelectricdipole momentp.

Electric Dipole Moment

+0

Therearetwo charges+tQ and- Q. Define the vector pointing from the negativechargeto positivechargeasﬁ. Define the
electricdipole momentby
p=0d.
Note thatif the chargeis doubledwhile the distancds halvedthe dipole momentstaysfixed. If we takethelimit asthedistanced goes

to zerowhile keepingp fixed, soQ becomesnfinite, we geta point dipole. Many moleculeshavedipole moments. Thefield diagram:
showdifferentconfigurationswith the samedipole momentsut with decreasing values.
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For instance,in a watermoleculethe electronsfrom the hydrogentendto spendtime aroundthe oxygen;this makesthe oxygenside
negativeandthe hydrogensideis positive. A watermoleculehassomemeasurableipole moment.

When placedin an electricfield thereis a force on the positive chargein the direction of the field anda force on the negative
chargeoppositethefield. This createsatorquecausingthedipoleto rotateuntil alignedwith thefield.

Torque and Potential Energy

An electricdipole in someuniform electricfield will give netforce, but thereis a nettorque. The torqueat someposition? is
givenby T = %F Torquedependson the choiceof origin, howeverthe nettorquein the caseof zeronetforce is independenof the
choiceof origin. Herewe wantthe nettorqueonthedipole.

t=0T =D 8F, + D &F_ = O SI0EN 2 53 0B
=19, - O\F = dS0E
The definition of thedipole momentgives
t = pSE.
Thetorquebecomegzerowhenthedipoleis alignedwith thefield. Thisis theequilibriumposition.

The equilibriumpositionis the positionof lowestpotentialenergy. To getanexpressiorfor the potentialenergyfix the position

of the negativechargeand rotatethe positive chargeon a circle of radiusd. Sincethe force on the positive chargeis constantthe

changen potentialenergyis givenby

O

DU =-F-Dr=- FDr,

where Dry is the componenbf D7 in the directionof the field. If we definethe zeroof potentialenergyto be wherethe d vectoris
perpendiculatto the field thenthe Drp measuredrom the zero positionis given by Drp = d cosg, whereq is the angle betweenthe
dipoleandthefield.

U=-Fdcosq=-F-d=- QE-d
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Usingthedefinition of the dipolemomentgives

Dielectrics

A dielectricis a mediumplacedbetweenthe conductorsof a capacitor. A dielectricwill enhancecapacitance.lt is the polar
natureof themoleculesn thedielectricthatcreatethis effectanda gooddielectricis onewith stronglypolarmolecules.

Begin with a parallel plate capacitorwith a uniform field magnitudeEy betweerthe plates. Thefield is relatedto the charge
andchargedensitybetweerthe platesby

_o_ 0
B0= T o
0 0

If aconductingslabis placedbetweerthe platesthefield insidethe conductomwill be E = 0. Forthis to happernchargein the conducto

movesto the edgesto cancelthe chargein the capacitor. If a dielectricis placedbetweenthe platesthe alignmentof the dipolesis
equivalentto a partial shieldingof the capacitorschargeandthefield in the slabis diminishedto a smallervalueE < E. Thedielectric
constank is definedastheconstank ™ 1 givenby
E
E=-2.
K

If the slabis addedfill the entire region betweenthe plateswhile the chargeon the platesis held constant. (This is doneby
disconnectinghe capacitoffrom anyvoltagesource.)

0=09p

Voltageis relatedto thefield by the standardelation DV = - Uﬁ-ég; thisimpliesthatthe voltagechangessthe slabis added.
Vo
V:EdandVO:EOd N V=—
K

=%

C= = andCy v
0

o C=kCqg

This is the main result;addinga dielectricbetweenthe conductoreenhanceshe capacitancéy a factor calledthe dielectricconstank.
Thedielectricconstanis a materialdependentonstant



