Chapter B

One Dimensional Kinematics

Kinematicsis the study of motion. This chapterwill introducethe basic definitions of kinematics. The definitions of the
velocity andacceleratiorwill requirethe introductionof the basicnotionsof calculus,mostspecifically the derivative. We will alsa
considerin detail the simple specialcasef motionwith constantvelocity and constantacceleration.Freefall will be discussedsan
exampleof motionwith constantcceleration.

The General Problem

By onedimensionamotion we meanmotion constrainedo aline. As examplesonsidera cardriving on a straightroador the
verticalmotionof anelevator. The problemof motionin two or threedimensionawill bediscussedh thenextchapter.

Position as a Function of Time

To mathematicallydefine positionwe needto attacha real numberline (the x-axis) to the line of motion. To do this thereare
two arbitrarychoiceswe mushchoosehex = 0 positionandthenwe mustchoosethe positivedirection.

Any 1D motioncanberepresentedraphically. Time is theindependentariable,soit will bethe horizontalaxis. We will then
considergraphsof x asafunctionof time, wherex is theverticalaxis.

Velocity and the Derivative
= Average Velocity

If acardrives130mi in 2 hours,we cancalculatea velocity of 65 mi/hr. This is not necessarilywhatthe speedometewould
read;the speedometareadshe magnitudeof theinstantaneouselocity. In this case65 mi/hr is whatwe call the averagevelocity.
We will definetheaveragerelocity by

Ax
At

y=
whereA (Delta)generallywill representhefinal valueminustheinitial
Ax=xp—x; and Ar=tp—1;
Note thatthe averagevelocity correspondso two timesz; andz¢, andx; andx arethe positionsat thetwo times. In a graphof x vs.
the averagevelocity hastheinterpretatiorasthe slopeof the secantine betweerthetwo pointsls;, x; andltf, xgh
m [nstantaneous Velocity

The instantaneouselocity refersto a singletime r. Takethe positionat ¢ to bex. We canthenconsidera latertime 7 + A ¢,
wherethe positionis x+ Ax. Theaveragevelocity betweerthesetwo timesis Ax*A¢. To getthe instantaneouselocity we let At
becomesmall; we do this by taking the limit asAr— 0. This gives the derivative of calculus;instantaneouselocity is the time
derivativeof position.

v i o lim AX
dt At—0 At
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The graphicalinterpretationof the instantaneouselocity is simple. The averagevelocity is the slopeof the secantines. If we
considerthe secantlines correspondingo different Az valuesthenasAr— 0, thesesecantlines approachthe tangentline. The

velocity at 7 is thenthe slopeof thattangentline. Whenwe refer to the slopeof a graphat sometime, we meanthe slopeof aline
tangento the graphatthattime.

Acceleration

Accelerationis to velocity asthe velocity is to the position. Velocity is the time derivativeof position, so acceleratioris the
time derivativeof thevelocity.

m Average Acceleration

Sincethe averagevelocity is relatedto the positionby v = AxeAr we cansimilarly write the averageacceleratiorin termsof
thevelocity by

We canthink of averageacceleratiorgraphicallyasthe slopeof the secantinesof av vs.r graph.
m [nstantaneous Acceleration
Theinstantaneouacceleratior{or just acceleration)s thetime derivativeof thevelocity.

- Av
At—0 At

dv
a=—
dt

This canbewritten asthe secondlerivativeof the position.

Derivatives of Polynomials

This sectionwill be a self-containedliscussiorof just the materialneededo evaluatederivativesof polynomials. The rulesof
differentiationneededor thisare:

m The Sum Rule

4= e Ay
dt dt dt

m Constants
4 C=0 and 4 Hul=C du whereC is aconstant.
dt dt dt

= Power Rule
d -1 d
=P =pP Note—=r=1
dt p ( dt )
Usingthefour rulesabovewe canevaluatehe derivativeof any polynomialfunction. Thisis a straightforwardhing. Conside
anexample:
dg

di53 a2 +3r+854L3 442,34,
dt dt dt dt dt

=5.312-4.2t+3-1+0=15/2-8¢+3
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Antiderivatives
The reverseof the differentiationprocedures called antidifferentiation. If fHL is a function thenits antiderivativeis anothe
function FHL thatsatisfies %FHL: fHL Generally antidifferentiationis a more complicatedprocedurehandifferentiation. For the
simplecaseof polynomials howeverit is quitesimple.
The basicideais simple. Sincethe derivativeof a constantis zero,if FHL is anantiderivativeof fHL thenFHL+ C is alsoan

antiderivativeof fHL, whereC is an arbitraryconstant The resultis strongerthatthis: FHL+ C is the mostgeneralantiderivativeof
SHL

Note thatanantiderivativeof P is Ll P+ for p £ —1.
p+

The Definite Integral

Since v = d x*dt we canwrite theinfinitesimal distancemovedin theinfinitesimaltimed as
dx=vdt.

In agraphof v vs.t the areaunderthe curvebetweery andr + dt is dx = v dr; thisis the areaof a rectangleof heightv andwidth d'z.
Thus the areaunderthe graphover the infinitesimal time d is the infinitesimal distancetravelledin that time. The total distance
travelledbetweenthetimess; andzy is Ax=xy—x; it is thesumof all the infinitesimal distancesnentionedabove,the total arez

underthecurve. Thisis thedefiniteintegralof calculus.
¥
Ax= W vdt

Note the logic of this notation;in calculusd is implied to be a small A andthe sum over an infinite numberof infinitesimal things
becomegheintegral.

A= d and U = ()

The definite integral generally has the interpretation as the area under a curve. The area under y = fHL between @ and b is

written

Ul fHLar.

When the function is negativethe contributionto the areais takento be negative. Note how the velocity and position are related
v =dxedt. Thefundamentatheoremof calculusis ageneralizatiorof this; it givestherule we useto evaluatadefiniteintegrals.

UP fHLdr = FHLE = FHL- Fril where /HL= %FHL.

Thus,thedefiniteintegralof f is the differenceof anantiderivativeat the endpoints.

Constant Velocity and Acceleration

Now that we have consideredhe generalproblemof one dimensionalkinematicswe can now considerspecialcases. First
constantvelocity, thenconstanticceleration. An importantcaseof constanticcelerations freefall.

Constant Velocity
If velocity is a constanthentheaccelerations zero,sincethe derivativeof a constanis zero. Let usnow find the positionfrom
thevelocity. Positionis theantiderivativeof thevelocity.
dx

m =y =constar = xHL=vr+ C whereC is aconstant.
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Definetheinitial positionx to bethepositionats = 0, xo = xHL Pluggingthis into our expressiorior xHL givesC = x; and
xHL=xg +v¢
If we choosetheconventions; =0, 77 =1, x; = xy and xy = x thenweget Ax =x - xy. Theaboveexpressiorbecomes
X=xg+vt or Ax=vt.

Thisis asimpleexpressionfor constanvelocity, the distancds the productof the velocity andtime.

Constant Acceleration

If theacceleratioris a constanthento getthe velocity we repeathe procedurdor goingfrom a constantelocity to the
position. Velocity is theantiderivativeof theacceleration.

% =a =constan = vHL=ar+ C; whereC, is aconstant.
t

Definetheinitial velocity v to bethevelocityats = 0, vy = vHL. Pluggingthisinto our expressiorior vHL givesC| = vy and
vHL= vy +at
We needto antidifferentiateagainto getthe positionasa functionof time.

% =vHL=vy+at = xHL=vy1t+ %a 2 + C, whereC, is adifferentconstant.

Thearbitraryconstanbecomesheinitial positionxy andwe get

xHL=xg +vo t + %atz.

If we choosethe sameconventionsasin the constantelocity caseandadd v; = vy and v = v thentheaboveexpressionsor
velocity andpositionbecome
2

v=yg+at andAx=vyt+ %at .
Recallhow to calculateA x from v vs.r; it is the areaunderthe curve betweery; andtf. For constantacceleratiorthe velocity vs. time
is astraightline. We thengettheareaunderatrapezoidwith abaseof width A r andheightsof v; andvf. Thisgives
1
Ax= E |Vl'+VfM At.
Using our conventiorfor v v andt, thisbecomes

Ax= %Iv0+v|\/k.

We now wantto derive an expressiorrelating A x, vy, v anda. To do this that the previousexpressiorandv = vy + at, and
theneliminatetime.

_1 /—'0 2_2_
Ax—5|v0+vM— = v —vO—Zan.
a

With this we havederiveda setof four equationdor kinematicswith constaneicceleration.Theserelatethevariables, A x, v, v anda.
Thesewill beusefulfor alargeclassof problemsthis chapter.

Constant Acceleration Equations
v=ygt+at
Ax= % lvg + v
Ax=vyt+ % ar?

v2—v(2)=2an
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Free Fall

Freefall is one dimensionalmotion underthe influenceof only gravity. Assumingthatonly gravity actsimplies that we are
ignoring and friction effects. We will choosethe conventionthat up is the positive direction. Also, we will takey asthe positior
variable;this will be consistentwith our later usagewherey is typically takenasthe vertical variable. Galileo discoveredthat the
acceleratiorof all bodiesin the presencef gravity (ignoringair resistancejs the same. Thevalueof thedownwardaccelerations

_ m _ i
g= 9.8082 =32.0.

S

Sinceupis the positivey directionandthe acceleratioris downwardwe takethe accelerationo be:
a=-g
Usingthis valueof a andreplacingx with y takesthe constanticceleratiorequationdo thefreefall expressions.
Free Fall Equations
v=vyg—gt
Ay= % lvg + vVE
Ay=vyt-— % g 12

v2—v(2):—2g Ay



