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Complete this table with the data, the angular velocities, ! j and ! ¢, and with the calculated values of the
angular momenta, L.

Trial I I L; Ls % Difference
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Complete this table with the calculated values of the rotational kinetic energy K; and K¢. Also compare
the fraction of energy lost to I,/(1;+15).
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Question 1 Does your data support conservation of angular momentum?

Question 2 Kinetic energy should not be conserved. Where does the energy lost go?

Question 3 If the ring is placed off center, how will this affect your results? Will the experimental moment of
inertia be too large or too small? Suppose the ring is off center by 1 cm, what percent error would this
introduce into the moment?



Keplers Laws

Introduction

= Particle Dynamics

We can numerically simulate the dynamics of a particle moving under some force. We write the net force acting on the
particle as F' (7, v, t) where 7 is the particle's position vector, v is its velocity vector and ¢ is the time. Newton's second law gives a

differential equation that can be solved to describe the motion.

This is a second order ordinary differential equation (ODE), where the order is the highest number of derivatives. An ODE can

always be reduced to a coupled set of first order equations. In this case we use v = dr / d't and write

d -~ -
—r=v
dt

The general problem of motion can be written in terms of a vector formed from these variables
Z= <?, Tz).

In two dimension this would represent 4 variables, x, y, vy and vy. In three dimensions it would be 6 variables. Think of this

'vector' as a collection of four (or six) numbers and not as anything with a three dimensional geometrical interpretation. The
differential equation can then be rewritten as

01 in t]le genelal orm
dl z f(A t) f(A t) <‘7 n11 F(A G t)>
/[Z_ 2, ”heIe 2, b} r,v,

= Numerical Methods

We can step forward the position and velocity by an infinitesimal time increment d ¢ using the rule:

In terms of the variable 7 this is written
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To numerically integrate a system forward in time we approximate the infinitesimal d¢ with the finite As. We start at time #( at
the "position", actually the position and velocity, Zy. This is then stepped forward to 71, z; then to 1, 25, etc.
10,20 = 11,21 = 1.2 2 - > Ifinal> Ifnal
The rule for stepping forward the time is
oty Zti+Ati

The rule for stepping to the next z variable will be written as:

i — 2i+1:2i+s(2i’ti’vati)

Where the numerical method used will be given by the stepping function S. To improve accuracy one must choose a sufficiently
small time step A¢; and an efficient numerical method. The smaller we choose the values of At the larger the computer's calcula-

tion becomes, so it is essential to choose an efficient numerical method. The simplest numerical method is known as Euler's

method, where S is determined by the previous values of Z and 7.
3(21" i fl A fi) = J?(El-, tj)At;  (Euler's Method)

Euler's method is conceptually simple but it's accuracy is only of order A¢;. That means to decrease the error by a factor of 10
we must decrease At; by a factor of 10. A much more efficient method is called the fourth order Runge-Kutta method. Fourth

order means that decreasing At; by a factor of 10 will decreas the error by a factor of 10* =10000. The precise form of

3(2,', i fl A fi) will not be given here..

= Orbital Dynamics

The gravitational force on mass m due to a second mass M is

GMm A

r
2

F=-

where M is at the origin, 7 is the vector from M to m and 7 =7/r is the unit vector in the direction of 7. We will assume that M is
much larger than m (M >> m) so that M stays fixed at the origin. The gravitational field g is defined as the force per mass

3=

¢=L-—6um
=-GM () 7,

where ¢(r) is a function of r, the distance from the origin, that decreases with distance and goes to zero at infinity. Here we will
only consider power law drop-off, ¢(r) = 1/rP. We will define gp

i =-T 7
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Since we are interested about orbits about the sun take M to be the mass of the sun. We will make a very useful choice of
units to simplify our discussion. Measure all lengths in astronomical units, AU, where 1 AU is the radius of the earth's orbit and
measure time in units of years. In these units the speed of a circular orbit of radius 1 with period 1 is

2rr

r=landT=1 = v= =27
For circular orbits, since g p =ac, we have

GM_g 4 2 _ GM _ (2m)?
rP p—rc 1

= GM= (271)2.

R
Using these units we can write our gravitational field as

Lo emra_ 0 F
gp(n) = 5= 2m) P

= Numerical Methods and Orbits
In the discussion of numerical methods above we defined the 'vector' Z by
2= (7).
Newton's second law gives dynamics to z.

d - 2= =/ N
Ez=f(z, t) where f(z, t)=<v,

It follows that from our orbit discussion the form of the function f becomes

FE 1= 2p(™)-

m Mathematica Code
The Mathematica code for the functions defined above is hidden here.

CalculateOrbit is the code to use one of the above iteration methods to calculate the orbit data. In addition values will need to
be given to the variables: tFinal, R0, V0, At and p.

DisplayOrbit is the code to display the orbit's trajectory. Extra information (labeled stuff) may be added to the graphic.

To evaluate a cell, click the mouse anywhere inside the cell and click Shift-Enter.

(A) Inverse Square Law

Here we will simulate the Earth's orbit (RO =0, VO =2 ) over a two year time interval (tFinal = 2), using an overly large time
step of At=0.1.
tFinal =2; RO=1; VO =2m; At = .1; p = 2;

CalculateOrbit; DisplayOrbit[]
Clear[tFinal, RO, VO, iMaximum, t, r, v]

Now try a smaller At. value of 0.01. To copy the preceding input move the cursor below a cell and click. When you see the
horizontal line and type Control-L.
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Try giving the earth half the speed needed for a circular orbit, VO =0.5x2x. To multiply in Mathematica use a
space.

Repeat this with At=.001 . We will use this for the rest to be safe.

(B) Other Power Laws

Hooke, a contemporary of Newton, suggested that gravity satisfied an inverse law F oc 1 /r. We can test this using p = 1. Using
VO = 2  show that there is a circular orbit.

Try VO =0.7x2m and VO = 1.3 X2 7 and show that the orbits do not close. For the second case increase the tFinal to 5 to see the
pattern more clearly.

Now consider an inverse-cubed law using p = 3. Using VO = 2  show that there is a circular orbit. Choose tFinal = 2.
Now try VO =0.99x2 n. Prepare for a disaster. You will need to try smaller tFinal to observe what is happening.
Now try VO =1.01x2 7.

We have just observed that inverse cube laws are unstable. Planets either spiral into the sun or spiral away from it.

Try force laws that are close to inverse square laws. Modify the code below (with Vo =.7x2 r) to show the cases p =2.02 and
p=198.

(C) Kepler's Laws

We will now use the inverse square law (p = 2) and plot additional orbit data. The perihelion and aphelion are the smallels and
largest distance between the sun an planet. The semimajor axis is half the largest distance between two points on the orbit. The
period is the time for a complete orbit. The function OrbitData prints this data. The function SweptArea gives the area swept
out between two times.

= Examples of Unbound Orbits

Here is an example of an elliptical orbit.
tFinal = .5; RO=1; VO =0.5%x2m; At = .001; p = 2;
CalculateOrbit; DisplayOrbit [SweptArea[0, .1], SweptArea[.15, .25]]
OrbitData; Clear[tFinal, RO, VO, iMaximum, t, r, v]

Now try VO =1.35%2n. This will simulate a comet's orbit. Keep increasing the tFinal until you see a closed orbit. Try a
SweptArea from O to 1 year and a 1 year interval when the comet is at its maximum distance from the sun, around half a period.

Now try VO = Sqrt[2] 2 x. This will give a parabolic orbit.

Now try VO = 1.5x2 x. This will give a hyperbolic orbit.



Name Group

Kepler’s Laws - Worksheet

Setup: Mathematica file — Keplers Laws.nb

Problem 1: For an inverse law of gravity (p=1) describe the orbits.

Problem 2: For an inverse cube law of gravity (p=3) describe the orbits.

Problem 3: In Part (C) for RO=1 AU and V0 = 0.5x2xt AU/yr give the percent differences
(a) between the swept areas for 0 to 0.1 yr and for 0.15 yr to 0.25 yr.

(b) between the period squared 7° and the semimajor axis cubed a”.

max

(c) Show that with the numbers generated that a = %(rmin +7..)



Name Group

The Period of a Simple Pendulum

Equipment and Setup: Support rod and base, Pendulum Clamp, Pendulum bob set, string, Meter stick,
Protractor, Photogate, Science Workshop file — pendulum.sws

A simple pendulum consists of a small bob of mass m at the end of a string of length L. The size of the
bob must be small compared to the length of the string and take L to be the distance to the center of the bob.
The angle the bob makes from vertical is §. If the bob is lifted to a maximum angle 6, (the amplitude) and is
released from rest then the motion will be planar.

Applying the rotational form of Newton’s second law: Tt =7 o to the pendulum gives
—-Lmgsin@ = M’a

Using that a is the second time derivative of @ gives the second order ordinary differential equation:

2
d—28 =-w’sinf where w = \/E
dt L

For sufficiently small angles we may approximate the sine of an angle with the angle in radians. Using this
small angle approximation we get a differential equation:

This is of the form of the standard differential equation for Simple Harmonic Motion. We can conclude that for
sufficiently small angles we get simple harmonic motion. Since the period of simple harmonic motion is 7= 2
m/®m we can find an expression for the period of a pendulum for small angle oscillations

/L
1, =2m,|— (small angle formula)
8

There is no expression for the period of a pendulum for large amplitudes (large 6) that can be written in
terms of everyday functions. It is possible to derive a series expansion for the period that converges after a
couple of terms. The expansion is:

2 21~2 2722
T=2n L 1+1—25in2&+ 123zsin4&+%sin6&+...
g 2 2 274 2 27476 2

Truncating this series after three terms gives a good approximation that works up to relatively large angles. We
will refer to this as the approximate large angle formula.

2 212
T= 215\/Z (1 + l—zsin2 b, 123 —sin* &) (approximate large angle formula)
g 2 2 24 2
The period of a pendulum is independent of the mass of the bob. We have neglected air resistance (friction)
in this analysis. The force of air resistance on a bob depends on the size, shape and texture of the bob. For a
given size bob friction has a larger effect on lighter bobs. To minimize the effect of air resistance we will use
the densest bob.
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(A) The Pendulum at Large Angles
We will study the pendulum at large angles and test the approximate large angle formula. Use the lead bob to
minimize the effect of friction. Keep the length of the pendulum constant and as long as is practical with your

setup. For theoretical calculations use the approximate large angle formula.

Give the percent error between the experimental period and the theoretical period. Also give the percent error
between the two theoretical period formulas, the large angle and small angle formulas.

Mass: m = Length: L = Small Angle Period: 7y =

Amp. Period % Error % Error
) Experimental: 7., | Theoretical: Tineo (between Texp and Tipeo) (between Ty and Tineo)

50

10°

20°

30°

45°

60°

(B) The Effect of the Mass of the Bob

Neglecting friction, the period of a pendulum is independent of mass. The only dependence is due to friction
effects. You should notice that the very light bobs are slowed down somewhat. Use four different bobs: lead,
aluminum, wood and cork. It is not necessary to measure the angle but keep it small. It is essential to keep this
length constant as you swap out the different bobs. Use a long string as in part (A). Use the small angle
formula for the theoretical calculations.

Length: L = Use a small angle.

Period
Experimental: Ty, Theoretical: Tiheo

Mass: m % Error
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(C) The Effect of Length and a Calculation of g

We will now study the effect of length on period for small angles. Measure the period for five different lengths.
Use a long string as in part (A) for the longest case. Make the shortest length approximately 1/5 the longest and
use approximately equal differences between lengths. Use the small angle formula, 79, for the theoretical
calculations of period.

Mass: M= Use a small angle.

Period
L h: L - - 9
engt Experimental: Ty, Theoretical: Tiheo o Error

Graph (T exp)2 versus L. and include the best-fit line. Find the slope of the best-fit line. From the slope we can
find an experimental value of g.

45 4o 45
= L = slope = = g=
g g slope

T2

Compare the experimental value of g to the accepted value of 9.80 m/s”.

slope = g= % Error in g =
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Question 1 On the moon gravity is approximately 1/6 as strong as on earth. For pendulums of the same length
find the ratio of the period on the moon to the period on the earth, Tioon/ Tearth ?

Question 2 If the force of air resistance on each bob is approximately the same on all the bobs used, then
explain why the lighter bobs are affected by it more.





