Chapter 8: Conservation of Linear Momentum
Linear Momentum

Definition: The linear momentum p of an object having mass m moving
with velocity v is defined to be:

p=nmv (1)

Note:
e Unit; kg-m
S
e Momentum is a vector quantity. In general, for an object moving in
3-D, (1) becomes

(P Py, P,) =M(V,,V,,V,) (2)
and this really implies three equations:
P, =mv, (3)
p, =nmv, (4)
p, =mv, (5)

» P Is important in part because sometimes it's conserved!



Conservation of Linear Momentum

When (i.e., under what condition(s)) is p conserved? The answer comes

from Newton’s 2™ law in its original form. Originally, Newton wrote the
2" law in terms of what we would today recognize as momentum.
(Newton called it “the quantity of motion.”)

SE - % (Principia, 1687) (6)

For the special case in which the mass of the object is not
changing, (6) is equivalent to the more familiar form of the 2" law:

Zﬁzﬁzﬂ(mq)
dt dt

- av
ZF_mE
> F=ma (7)

Eq. (6) is thus more general than (7).



Eg. (6) also contains within it the condition that is required for p to be
conserved. If p is conserved, then

ap _5
dt
and from (6), this implies )
> F=0 (8)

This observation is known as the law of conservation of linear
momentum, and it is one of the most important statements in the entire
course:

Law of Conservation of Linear Momentum: The linear momentum of an
object (or system) is conserved if the net external force on it is zero.



One famous example of a situation in which p is conserved is that of a

collision. Consider, for example, a collision between two billiard balls on
a pool table. Assume any external forces on the system of the two balls
(friction, e.g.) are small enough to be ignored. Then applying Newton’s
2" law (in its original form) to Ball #1, | get:

- dp
F =—=
Z on Ball #1 dt
- dp,
F,=—, *
] 2= (*)
iIn which F,; means the contact force that Ball #2 exerts on Ball #1.
Doing the same for Ball #2, | get:

_ dﬁ
Z |:on Bal #2 — —=

dt
. dp
F.=_r2 % 3k
- Ty (%)
By Newton’s 3" law, F,, =—F,,, so (+*) becomes
F — _% (5 % %)



Equations (x) and (***) are two different equations for the same
quantity, F,,. Equating the right-hand sides, | get:

dp, __dp,

ot ot
and integrating on both sides:

t - t, .
j(%jdt :—j(%jdt
L\ dt .\ dt
or, using the Fundamental Theorem of Calculus:

AP, =—Ap, )
This says that if Ball #2 gains a certain amount of momentum, Ball #1
must lose an equal amount of momentum; therefore, the total momentum
of the system stays the same (i.e., itis conserved)! More formally, we

can write the statement of conservation of linear momentum for this
collision by explicitly writing out Ap, and Ap, in (9), then gathering terms:

mv;, —my,; = _(mzvzf —-myV, )
MV, + MV, = MV; + My, (10)



Collisions

e Two broad categories:

1. Head-on (“1-D”): entire collision takes place along
single line (x axis)

2. Glancing (“2-D”): entire collision does not take
place along single line.

e Within each of these 2 categories, 3 types:

1. Elastic
2. Inelastic

3. Perfectly inelastic (or “completely inelastic”, or “totally
iInelastic”)

» What distinguishes the three types from one another is
what's conserved.



Elastic
e Total p of system conserved

e Total K of system conserved

e N0 permanent deformation of objects (car bumper at low
speed, rubber ball, rubber-band bumper on air-track
gliders, billiard balls, etc.)

Inelastic
e Total p of system conserved

e Total K of system not conserved

e There is some permanent deformation of one or both
objects
o some K “lost” in process of deforming one or both
objects; don’t get this energy back after the collision
o car accident at “high” speed, e.qg.

Perfectly Inelastic
e is inelastic, so p conserved, K not

e special case: objects stick together (railroad cars, e.g.)



Head-on (1-D) Collisions

e Entire collision takes place along single line
e Can call this line the x axis: then can write:

Vi _(Vli )l

Vy :(Vzi)iA
Vi :(Vlf )'A
Vas :(sz )'A

e p-conservation then becomes:
(mlvli T MV, )i = (lelf T MV, )
which implies:

~

My, + MV, =MV, + MV, (11)
So get to drop the i unit vectors. But remember: each of the v’s
means the component of that velocity in the x direction; this
component can be + or -



Perfectly Inelastic
e just know p conserved, so can write down only:

MV + MLV, = MV + 1MV,
except v;; =V,, =V,, SO p-conservation becomes:
MVy + MV, = (M + M)V, (12)
e can’t write down any statement about K being conserved, because
It is not conserved!

e S0 have just one equation; can solve for just one unknown!



Elastic
e Know two things that are conserved: p and K. So:

MVy + MV, =MV + 1MV, (13)
1 1 1 1
> vy + > mV;, = > mv;; + > myv; (14)

¢ In principle, just solve the pair of simultaneous equations
represented by (13) and (14) for whatever the problem asked for (v;;

and v,,, e.g.). But messy! So can use (13) and (14) to derive a

third formula that involves just the velocities themselves and not
their squares. Rewrite (13) as:

rrl(vli _Vlf):rnZ(VZf _V2i) (*)

In similar way, rewrite (14) as:
ml(vlzi_vlzf):mz(vzzf _V22i) ()

Now divide (*x*) by (*) to get:
Vi T Vig =V Vo (15)

e Can use (13) and (15) to solve for v;, and v, instead of using (13)
and (14). Less messy!
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Inelastic (but not perfectly inelastic)
e Only p conserved. So can write down only:

MV, + MV, = MV + 1MV, (16)
e Have just one equation. Therefore, can solve for just one unknown.
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Glancing (2-D) Collisions
e Collision does not place along single line.
e Total p of system still conserved, but can’t write p-conservation as:
MV + MV, =MV, + MV,
with no arrows over the v’s. So what to do?
e Back up a step... pis avector, so p-conservation says:

I_ji = ﬁfs
iIn which p and p, have to be understood to mean the initial and
final momenta of the entire system. But:

P = < P piy>
and: Py :<pr’ pfy>
So if p conserved, then must have:
pix = pfx (17)
and: Py = Py (18)

» start with (17) and (18) for glancing!

12



Impulse

Newton’s 2" law says:

Integrating on both sides:

t

(19)

The quantity on the LHS of (19), the integral of a force over some time
interval, is called the impulse, J:

(20)
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The Impulse-Momentum Theorem

With the definition of impulse in (20), we can write (19) as:
J . =Ap (21)
This is called the impulse-momentum theorem. It says that the net

Impulse exerted on some object equals the change in that object’s
momentum.

The impulse-momentum theorem is really just a restatement of Newton’s
2" law, but it is useful for situations (e.g., collisions) in which the details
of how the force varies with time are not well known. The impulse-
momentum theorem lets us get some information about the average
force just by knowing (or measuring) the initial and final momenta.

Notice that the definition of J given in (20) looks almost like the average
force, Ifav. In fact, it follows from (20) that

(Fu), = (22)
or: (lfnet )av = i—? (23)
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Center of Mass and Systems of Particles

Consider a system of N point particles located at points in the x-y plane:

(X0 Y1) (% Y2 ) sn (X V)
with masses
m,m,...,m,
respectively.

The coordinates of the center of mass (CM) of this system of particles
are then defined to be:

K = MM ek MYy MX M+ b My

- m+m, +---+Mm, Mtot
_ My, +My, +---+ MYy _ MY, +MY, +---+ My Yy
Y, = - (25)
m+m, +---+my Mtot

» The coordinates of the CM are weighted averages of the coordinates
of all the particles (weighted by the mass at each location)!
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The position vector of the CM is given by

. n+mr, +---+mr,
Fewm :<XCM’YCM>: ML mzli/l _— (26)

tot

To see this, write out the position vectors f, =(x,, y;) through F, = (X, Yy )
in (26):
m<X1’Y1>+mz<X2’y2>+"'+mN <XN’yN>

Y :<XCM’YCM>: M

tot

Now distribute the masses on the RHS. Then add all the x components
and (separately) all the y components:

Uy oy o (MM e My Xy MY MY, e MY,
lem _< CM 1 CM>_ M ; M
tot

tot

Thus, (26) is equivalent to (24) and (25).
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To see the significance of the CM, differentiate (26) twice with respect to

time:
d°r, N d°r, - d°r,
d°r,, _ml a2 ) e o ™ e

dt? M,
Min8cy =Ma, + Ma, +---+mya, (*)
By Newton’s 2" law, each “ma” term on the RHS of () equals the net

force on that particle. Therefore, the entire RHS equals the net force on
the entire system (vector sum of all the forces on all the particles). So:

Z F =M 8w (27)
Eg. (27) says that the entire system of particles acts as though all the
mass were concentrated at the CM, in the sense that the acceleration of
the CM will be the same as if the entire system of particles were replaced
with a single particle of mass M, located at the CM.

It is for this reason that, in FBDs, your book shows forces acting at the
centers of the objects. If the object is of uniform density, then the center
of mass of the object is at the geometrical center of the object.

17



Note here that the LHS of (27) includes, strictly speaking, all forces on all
particles, whether these forces are internal or external. But we can
always partition the net force into two pieces and write (27) as:

Z Fo +Z Foie =M 80
The sum of all the internal forces is zero because the internal forces
always cancel pairwise due to Newton’s 3" law. So we have:

z IEext =M, aqy (28)
which, since the mass is assumed constant, is equivalent to:
. P
F.=—), 29
2. Fae = (29)

where P is the total momentum of the system.

Here’s the significance of (28) and (29). These two equations say that
the only thing that can accelerate the center of mass (or, equivalently,
change the momentum of the entire system) is a net external force. Any
Internal force can do nothing to change the motion of the CM (or,
equivalently, to change the momentum of the entire system).
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