Physics 1401 Lecture Notes — Math Review

In the following notes, | hope to refresh your memory concerning a few mathematical issues that we will haveto
deal with in this course. | also hope to bring to light and help you avoid some common mistakes that studentsin
Physics 1401 make frequently. I’ ve organized the topics by subject area: first algebra, then geometry, and finally
trigonometry.

Algebra
1. Common mistake: Improper cancellation with fractions. Given an expression like:
a
a+b’
you cannot cancel thea's:
a A
atb a+b
S0
a 1
7z =
atb b
For example,
2 1
2+4 4
The correct way to reduce this fraction is as follows:
2 2.1
2+4 6 3
2. When given an expression like:
a+b
c
you can rewrite this as two separate fractions:
atb_a b
= +—,
c cC cC
For example,
15+10_E+£
5 5 5
+
15 10=3+2
15+1O=5'
5

as you can readily verify by adding the numbers in the numerator first and dividing the result by 5.

3. Getting common denominators. Suppose you want to perform the following sum:
E +£ =7
b d

In order to add these two fractions, you must first get acommon denominator. (That is, you must rewrite
the two fractions so that they have the same denominator). One way to do this which always worksisto let
the common denominator be the product of the two individual denominators. (Thiswould be the product
bd in the example above.) Rewriting each fraction with this denominator gives:
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So theanswer is

3+£_ad+cb
b d bd
If you'd likeanumerical example, consider (just to make up some numbers):
11
4=
2 3
Getting a common denominator, | find:
1 1 3 2
—+—=—+—,
2 3 6 6
S0
1 1 5
—+—=—,
2 3 6

4. Getting common denominators (revisited). When adding whole numbers and fractions, you must first
get a common denominator. For example, if you want to perform the sum:

13,
4

first rewritethe 1 as follows:

4

— 4+,

4 4
Now add the fractions:

4 3 7

—t— =

4 4 4

5. Factoring. Suppose you want to solve the following equation for x:

3(x+1) =15-2(x+1)
One way to do thiswould be to gather the terms involving x on one sSde of the equation:

3(x+1)+2(x+1) =15
Then notice that the two terms on the | eft-hand side have a common factor of (x +1) . Factoring out
(x+1) on theleft-hand side, we can rewrite the equation:

(x+1)(3+2) =15,
or:
(x+1)(5) =15.

Then solving for x+1 gives:
x+1=3,
Sox
X=2.

6. Solving pairsof simultaneous equations. Solve the following pair of simultaneous equations. (That is,
find the values of x and y which satisfy both equations.)

X+2y=8 (N
x+y=6 )
There are several ways of solving this (or any other) pair of simultaneous equations, but probably the most

useful for usisthe following:
e solve one of the equationsfor one of the unknowns. For example, solve Eq. (1) abovefor x .
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» then substitute the resulting expression into the other of the two equations. In doing so, you'll
eliminate one of the unknowns from the second equation, leaving only one unknown. For
example, if we solve Eq. (1) for x and substitute this expression for x into Eqg. (2), x will be
eliminated from Eq. (2), leaving y asthe only remaining unknown in Eq. (2).

For example, solving Eq. (1) for x gives:

X=8-2y. 3)
Subgtituting Eq. (3) into Eq. (2) gives:
8-2y+y=6.
(Notice that the unknown x no longer appearsin thisequation.) Now just solve this equation for y :
8-6=y
y=2|

To find x, we could substitutethisvalue of y back into Eq. (1) or Eq. (2). (After all, it’s supposed to
satisfy both of these equations.) But probably the easiest thing to do isto substitute it back into Eq. (3),
since this already gives x in terms of y:
x=8-2(2)
X =4

7. Solving quadratic equations (Part I: Factoring). First of all, adefinition: aquadratic equationisa
polynomial equation of order 2. This meansthat the highest power of the unknown appearing in the

equation is the second power. For example, 2x? = -3x -1 isaquadratic equation. In general, any
guadratic equation has two solutions. The solutions may have different values, or they may turn out to be
numerically equal to one another. The solutions may be real numbers, or they may turn out to be imaginary
numbers. In this course, the only quadratic equationswe will ever encounter will be ones with real
solutions.

It should be apparent (perhaps after a few moments' thought) that any quadratic equation in the unknown x
can be written in the form:

ax® +bx+c=0, (4)
for some coefficients a, b, and c. For example, the quadratic equation given above can be rewritten as:
2x2+3x+1=0, (5)

which isin the form of Eqg. (4), with a=2, b=3,and c=1.

Factoring a quadratic equation meansto writeit in the form of Eq. (4), then rewrite the left-hand side asthe
product of two binomials. For example, Eqg. (5) can be rewritten as:

(2x+1)(x+1) =0, (6)
as you can verify by multiplying the two binomials (2x+1) and (x+1) to seethat their product is, in fact,
equal to 2x% +3x+1.

Finally, having written our quadratic equation in the form of Eg. (6), we can easily find the solutions (the
values of x that satisfy it). After all, 2x+1 and x+1 are just some numbers (for a given value of x), and
Eqg. (6) saysthat the product of these two numbers must equal zero. Well, the only way for thisto betrueis
if one or the other number isitself equal to zero! That is, in order for Eq. (6) to betrue, it must be true
elther that:

2x+1=0 @)
or that:

x+1=0. 8)
Solving Eq. (7) for x gives one solution:
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Eq. (8) gives the other solution:
x=-1|

8. Solving quadratic equations (Part I1: using the quadratic formula). Sometimes, a quadratic equation
cannot be factored into two binomials. For example, one of the equations describing the position y of an
object in freefall (at any timet) says:

1
Y= Yo vt =5 ot ©

in which vy, istheinitial position, v, istheinitial velocity, and g isthe acceleration dueto gravity. (Note
that Eq. (9) isaquadratic equation in the variablet.) Suppose you throw a baseball upward from an initial
position we will call y, =0 with aninitia velocity v, =15 m/s. At what time(s) will the ball be 1.0 m

aboveitsrelease point? Well, if at sometimet, theball’spositionis y =1.0 m, then Eq. (9) says:
1.0 m =0+ (15 m/s)t —%(9.81 mis?) 2,
which can be rewritten in the form at? +bt +c =0 asfollows:

(4.91mis?)t2 - (15 mvs)t +1.0m =0, (10)

If you look at Eq. (10) for even a few seconds, you realize that it cannot be factored into the product of two
binomials.

In this situation, we can solve Eg. (10) using the quadratic formula, which says that for any quadratic
equation of the form ax? +bx+c =0, thetwo solutions are:

‘= —b++/b? —4ac

2a
— 1' 2 —_— — —_— 2 —_—
(One solutionis x = w ; the other is x = w .) Sofor Eq. (10), the solutions
a a
would be:
(15 m/s) + \/(—15 mis)? - 4(491m's?) (1.0 m)
t=

2(491mis?)
Doing the math gives the two solutions as:
and:

t =0.068 s

The second of these solutionsisthe time when the ball passes through y =1.0 m going up. Thefirst
solution isthe time when it passes through y =1.0 m going down.
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Geometry

1. Pythagorean theorem. Consider aright triangle with hypotenuse of length c, the other two sides of which
have lengths a and b:

a

The Pythagorean theorem says . (Note that this applies only to right triangles.)

2. Law of cosines. (Like the Pythagorean theorem, but appliesto any triangle, whether it’saright triangle or
not.) Consider thetriangle below:

The Law of Cosines says:

|c2 =a? +b? - 2abcosé)]
Notice that thisissimilar to the Pythagorean theorem, but it includes the additional term —2abcosé. Also
note that there’ san implied connection between the side that you call “¢” and the angle that you call “ 8”:
thesidecalled “c” is understood to be the side opposite the angle called “ 6. Finally, note that the law of
cosines includes the Pythagorean theorem as a special case. For if you imagine “opening up” theangle 8
until it becomes 90°, the triangle would become a right triangle:

and the law of cosines would become:
c? = a? +b? - 2abcos90° .
But, since cos90" =0, thisis equivalent to:
2 =a?+b?,
which isthe Pythagorean theorem.
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3. |If parallel linesarecut by atransversal, alternateinterior anglesare equal. (Thetransversal isjust a
linethat cuts acrossthe two paralle lines.)

“transversal”

4. Consider the pair of solid purple lines shown bel ow, the angle between whichis . Now consider a second
set of lines, shown in green, each of which is perpendicular to one of the lines in the first pair, as shown.
What is the angle between the second pair of lines? (That is, what istheangle ¢?)

P

s\ I___Q_X

Well, consider making aright triangle out of the pair of purple lines by adding the dashed purpleline
shown in the picture above. Clearly, then, the angle between the upward-doping purple line and the dashed
lineis 90" —@. Thisangleisthe angle between the upward-s oping purple line and the vertical. But one of
the green linesis also vertical, so the angle between it and the upward-s oping purple line must also be

90° - &, as shown below.

But thisangle plus @ must equal 90°, from the picture, so we must have:
(9o° —0) +9=90",
which, when solved for ¢, gives:
=0,
So, in fact, the angle between the two green lines is the same as the angl e between the two purple lines.
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Trigonometry

1

Definitions of sine, cosine, and tangent of an angle. Consider theright triangle shown drawn on an x-y
coordinate system below. If the point P has coordinates (x, y) , asshown, then the horizontal side of the

right triangle has length x and the vertical side haslength y, as shown. The hypotenuseiscalledr in the
figure below.

P(xy)

The sine, cosine, and tangent of theangle @ are defined asfollows:
e gneof &: ratio of length of opposite side to length of hypotenuse:

sing=Y
;

e cosneof &: ratio of length of adjacent side to length of hypotenuse:

X
cosf = —
;

e tangent of @: ratio of length of opposite side to length of adjacent side:

tanHEl
X

Note that since these are all defined asratios of the lengths of sides of thetriangle, siné, cosé, and tanéd
are dl dimensionless (unitless)! They're just numbers!

Suppose you know that:
sing = % , (11)
for some angle 6. How do you find out what theangle & is? Answer: takethe inverse sine of both sides
of Eq. (11). Theinverse sine, written “sin™t” (or sometimes, “arcsin”) is defined by the property that if
you take the inverse sine of the sine of an angle, you get the angle back again:
sin"(singd) =6
So if we take the inverse sine of both sides of Eq. (11), we get:

sin"(sing) =sin* (%)

ezsnﬂ[ljzsw
2
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Similarly, if you know that cosé = % , you can find @ by taking theinverse cosne:
1 (1
cos *(cos#) = cos (E]

And if you have tan@ :% , you can find @ by taking theinverse tangent:

tan” (tan8) = tan™" (%]

6= tan‘{%] =26.6°




